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piecewise specification

type tree = Node tree elt tree
| Leaf

let removeRoot (t: tree) : tree

= match t with
| Node 1 _ r — mergeTree 1 r
| Leaf — fail
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piecewise specification

type tree = Node tree elt tree
| Leaf

let removeRoot (t: tree) : tree
requires { t # Leaf }
ensures { match t with
| Node 1 _ r — Ve:elt.e€c€result @ e€lVeer
| Leaf — false }
= match t with
| Node 1 _ r — mergeTree 1 r
| Leaf — fail
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piecewise specification

type tree = Node tree elt tree
| Leaf

removeRoot (Node 1 _ r)
ensures { Ve:elt.e€result @ e€lvVeer }

= mergeTree 1 r

removeRoot Leaf = fail
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data

X, y,Z
s, t

o, Y

x| 0.

s=t...

o s+t

| o AW ...

ComA

variable
term

formula
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ComA

X, y,Z variable

s,t = x| 0...| s+t... term

e = s=t... | oAY ... formula

data

code

h,g,f handler name

e,d = hsg application

| e/ hxg=4d definition
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ComA

XY,z variable

s,t = x| 0...| s+t... term

e = s=t... | oAY ... formula

data
code

h,g,f handler name

ko == h | xg-e handler

e,d = kS§o application

| e/ hxg=4d definition
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ComA

X, Y,z variable

s,t = x| 0...| s+t... term

e = s=t... | oAY ... formula

data

code

h,g,f handler name

ko == h | xg-e handler

e,d = kS§o application

| e/ hxg=4d definition

| ¢e assertion
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ComA

X, Y,z variable
s,t = x| 0...| s+t... term
e = s=t... | oAY ... formula

data
code

h,g,f handler name
ko == h | xg-e handler
e,d = kS§o application

| e/ hxg=4d definition
| ¢e assertion
| Tt e barrier
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factorial: code

factorial (n:int) (return (m:int)) =

loop 1 n
/ loop (r:int) (k:int) =

if (k>0) (= loop (rxk) (k-1))
(= return r)
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factorial: spec

factorial (n:int) (return (m:int)) =
{n>0}
loop 1 n
/ loop (r:int) (k:int) =
{o<sk<nAr-kl=n!}
if (k>0) (= loop (r*k) (k-1))
(= { r=n!} return r)
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piecewise specification

removeRoot (t: tree) (return (s: tree)) =
unTree t ((l: tree) (_:elt) (r: tree) =
mergeTree 1 r ((s: tree) -
{ Ve:elt.ees o eclVeer }
return s))
fail
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VC(Coma)

Clpe) = ¢ A(p—Cle)
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VC(Coma)

C(k50) = C(k) 5 C(o1) --- C(on)

Clpe) = ¢ A(p—C(e))
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VC(Coma)
C(h)y = h
C(xg-e) = Ax3.C(e)
C(kso) = C(k) § C(o1) -++ C(on)

Clpe) = o A(p—C(e))
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VC(Coma)

1>

C(h) = h
C(xg-e) = Ax3.C(e)

C(ks506) = C(k) 5§ C(07) -+ C(op)

1>

Clpe) = o A(p—C(e))

halt £ T fail £ 1L

1>

if £ Acfg.(c = f) A (=c — @)

I>

unTree = Atfg. (Vlvr.t=Nodelvr —» flvr)A

(t =Leaf — g)
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VC(Coma)
C(h) = h
C(xg-e) = Ax3.C(e)
C(k) § C(o1) -+ C(op)
Cle/hxg=d) £ (M.C(e)) (A%G.C(d))
Clee) = oA (p—Cle)

1>

C(k§6)

T fail £ 1L

1>

halt

1>

if £ Acfg.(c = f) A (=c — @)

unTree = Atfg. (Vlvr.t=Nodelvr —» flvr)A
(t =Leaf — g)
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VC(Coma)

1>

C(h)
C(xg-~e) = 1x3.C(e)
C(kso) = C(k) § C(07) --- C(op)
let hxg§ = C(d) in C(e)
Clpe) = pA(p—Cle)

h

1>

>

Cle/hxg=d)

halt £ T fail £ 1L

1>

if £ Acfg.(c = f) A (=c — @)

I>

unTree = Atfg. (Vlvr.t=Nodelvr —» flvr)A

(t =Leaf — g)
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VC(Coma)

1>

C(h)
C(xg-~e) = 1x3.C(e)
C(k) § C(0y) --- C(op)
let hxg§ = C(d) in C(e)
Clpe) = pA(p—Cle)
C(te) = C(e)

h

1>

C(k§6)

>

Cle/hxg=d)

>

halt £ T fail £ 1L

1>

if £ Acfg.(c = f) A (=c — @)

I>

unTree = Atfg. (Vlvr.t=Nodelvr —» flvr)A

(t =Leaf — g)
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VC(Coma)

1>

C(h)
C(xg-e) = Ax3.C(e)

h

C(ks0) = C(k) § C(0q) -+ C(op)
C(e/hxg=d) = let hxg = &(d) in C(e) A Vx§. D(d)
Clpe) = o A(p—C(e))
C(te) = C(e)
halt = T fail = 1
if = Acfg.(c = f) A (-c — g)

I>

unTree = Atfg. (Vlvr.t=Nodelvr —» flvr)A

(t =Leaf — g)
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refactorial

factorial (n:int) (return (m:int)) =
{n>0}
T loop 1 n
/ loop (r:int) (k:int) =
{0<k<nAr-kl=n!}
T if (k>0) (= loop (rxk) (k-1))
(» break r)
/ break (m:int) = { m=n!} T return m
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refactorial

factorial (n:int) (return (m:int)) =

{n>0}

/ break (m:int) = { m=n!} T return m
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refactorial

factorial (n:int) (return (m:int)) =
{n>0}

T loop 1T n
/ loop (r:int) (k:int) =
{0<k<nATr-kl=n!}
t if (k>0) (= loop (r*k) (k-1))
(» break r)

/ break (m:int) = { m=n!} 1T return m
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VC(Coma)

Il>

E(pe) = pA(p— Ele))

application-side

definition-side

¢ = De)

II>

D(pe)
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VC(Coma)

E(e/hxg=d) = let hx§ = &(d) in E(e) A Vx§. D(d)
E(pe) = oA (p— E(e)
application-side
definition-side
De/hxg=d) 2 let hxg = E(d) in D(e)

II>

D(pe) = ¢ — De)
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VC(Coma)

E(e/hxg=d) = let hx§ = &(d) in E(e) A Vx§. D(d)
E(pe) = oA (p— E(e)
E(te) 2 T o
application-side
definition-side
D(e/hxg=d) = let hxd = &() in D(e)
D(pe) = ¢ = D(e)
D(te) = C(e)
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VC(Coma)

Eks6) = EK) 5 E(o) -+ E(op)
E(e/hxg=d) = let hx§ = &(d) in E(e) A Vx§. D(d)
E(pe) = pA(p— Ele))
E(te) £ T

application-side

definition-side

Dkso) 2 Dk) 5§ D(oy) -+ D(op)
D(e/hxg=d) 2 let hxg = E(d) in D(e)
D(pe) = ¢ = D(e)
D(te) = C(e)
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VC(Coma)
E(h) £ h

Eks6) = EK) 5 E(o) -+ E(op)
E(e/hxg=d) = let hx§ = &(d) in E(e) A Vx§. D(d)
E(pe) = pA(p— Ele))
E(te) £ T

application-side

definition-side

D(h) £ bh

Dkso) 2 Dk) 5§ D(oy) -+ D(op)
D(e/hxg=d) 2 let hxg = E(d) in D(e)
D(pe) = ¢ = D(e)
D(te) = C(e)
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VC(Coma)
E(h) £ h

E(xg-e) = Axg.E(e)
E(kso) 2 &) § E(o1) - E(op)
E(e/hxg=d) = let hxg = &(d) in &(e) A Vx§. D(d)
E(pe) = pA(p— &)
E(te) = T

application-side

definition-side

D(h) £ gh
D(xg-e) 2 Axg.D(e)
Dkso) 2 Dk) 5§ D(oy) -+ D(op)
D(e/hxg=d) 2 let hxg = E(d) in D(e)
D(pe) = ¢ — D(e)
D(te) = C(e)
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VC(Coma)
E(h) £ h

E(XG-e) = (AxG.E(e)) A ( AxG. D(e))
E(kSG) = EkK) 5 E(or) -+ E(on)
Ee/hxg=d) £ let hxg = &(d) in E(e) A Vx§. D(d)
E(pe) = pA(p—Ele)
E(te) £ T

application-side

definition-side

D(h) £ gh
D(kxg-e) 2 (AxG.D(e)) A ( Ax§.E(e))
Dkso) 2 Dk) 5§ D(oy) -+ D(op)
D(e/hxg=d) 2 let hxg = E(d) in D(e)
D(pe) = ¢ > D(e)
D(te) = C(e)
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VC(Coma)
E(h) £ h

E(xg-e) = (Axg.E(e)) A (BAxg. D(e))
E(kSG) = EkK) 5 E(or) -+ E(on)
Ee/hxg=d) £ let hxg = &(d) in E(e) A Vx§. D(d)
E(pe) = pA(p—Ele)
E(te) £ T

application-side

definition-side

D(h) £ gh
D(xg-e) = (rxg.D(e)) A (hrxg.E(e))
Dkso) 2 Dk) 5§ D(oy) -+ D(op)
D(e/hxg=d) 2 let hxg = E(d) in D(e)
D(pe) = ¢ > D(e)
D(te) = C(e)
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piecewise specification

removeRoot (t: tree) (return (s: tree)) =
unTree t ((l: tree) (_:elt) (r:tree) =
T mergeTree 1 r out
/ out (s:tree) =
{ Ve:elt.eecs— eclveer}
T return s)
fail

E: Ak.(Vlvr.t=Nodelvr —
Vs.(Ve.e€es o eelVeecr) > ks)At#Leaf

D: Vt.Vlivr.t=Nodelvr —
mergeTree 1 r (As.Ye.e€s < e€lVecEr)
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or none at all

removeRoot (t: tree) (return (s: tree)) =
unTree t ((1: tree) (_:elt) (r: tree) -~
mergeTree 1 r return)
fail

E: Ak.(Vlvr.t=Nodelv r — mergeTree 1 r k) At # Leaf
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Fin



verification conditions

(T, MNY ol £ (Z,M) o (Z,N),¢
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(Z,MN) ol

(2, Ah.M) o (AN, £

A

A

verification conditions

(Z,M) o (Z,N), ¢

(W [h (AN, M) o £
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(2@ [h > (AN)],h) o ¢

(Z,MN) ol

(2, Ah.M) o (A,N), £

A

A

A

verification conditions

(A,N) ol

(Z,M) o (Z,N), ¢

(W [h (AN, M) o £
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verification conditions

EWlh—={ANY],hy ol £ (ANYol
(E,Msyot = (E,M)os,
(E,MN)ot £ (Z,M)o (Z,N),¢
(Z,Mx.M)os,l (E,M[xs])of
(Z,Mh.M) o (ANY, £ 2 (ZW[h—>(AN)],M)of

11>

1>
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verification conditions

EWlh—={ANY],hy ol £ (ANYol
(E,Msyot = (E,M)os,
(E,MN)ot £ (Z,M)o (Z,N),¢

E, M. M)yos, { £ (Z,M[x>s])ol

(Z,Mh.M) o (AN), £ =2 (ZWU[hi=>{(AN)],M)ofl
(E,MANYol 2 (E,Myol AN(Z,Nyot
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(ZEW[h—>(AN)Y],hyo!
(E,Ms)of

(Z,MN) o ¢
(Z,Mx.M)os,l
(Z,Mh.M) o {A,N), ¢
(Z,MAN)of
(Z,p)oe

L | L 1 L | | [

1>

verification conditions

(A,NY ol

(Z,M)os,{

(Z,M) o (Z,N), ¢
(Z,M[xs])ol
ZEY[h—= (AN, M)yol
(Z,M)ol AN{(Z,Nyot
¢
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(ZEW[h—>(AN)Y],hyo!
(E,Ms)of

(Z,MN) o ¢
(Z,Mx.M)os,l
(Z,Mh.M) o {A,N), ¢
(Z,MAN)of
(Z,p)oe

Z,p > M)oe

(L L 1 | | | 113

II>

verification conditions

(A,NY ol

(Z,M)os,{

(Z,M) o (Z,N), ¢
(E,M[x—>s]yol
ZEY[h—= (AN, M)yol
(E,Myol AN{Z,Nyot
¢

> (E,M)yoeg
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(ZEW[h—>(AN)Y],hyo!
(E,Ms)of

(Z,MN) o ¢
(Z,Mx.M)os,l
(Z,Mh.M) o {A,N), ¢
(Z,MAN)of
(Z,p)oe

Z,p > M)oe
(Z,Vx.M)o¢

(L L 1 | | | 113

II>

>

verification conditions

(A,NY ol

(Z,M)os,{

(Z,M) o (Z,N), ¢
(Z,M[xs])ol
ZEY[h—= (AN, M)yol
(Z,M)ol AN{(Z,Nyot
¢

> (E,M)oe
Vx.(Z,M) o g
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verification conditions

EWlh—={ANY],hy ol £ (ANYol
(E,Msyot = (E,M)os,
(E,MN)ot £ (Z,M)o (Z,N),¢
E, M. M)yos, { £ (Z,M[x>s])ol
(Z,Mh.M) o (ANY, £ 2 (ZW[h—>(AN)],M)of
(E,MANYol 2 (E,Myol AN(Z,Nyot
(Z,p)oe = ¢
Z, 0 >M)oe £ p > (T, M)yoe
(Z,Vx.M)oe £ Vx.(Z,M)yoeg

VA.M £ let h X (/\V‘g zg) in M

43/52



verification conditions

(Z,5M)y 0 € 2 (Z,Myppr o€
W [h—=>(AN)Y],hyol = (AN)ol

(E,Ms)ol £ (Z,M)os,{

(Z,MN)ot = (X,M)o (Z,N),{
(Z,M.M)yos, £ = (T, M[x+>s])ol

(Z,Mh.M) o (A,N), £ 2 (ZW[h>(AN)],M)ofl
(E,MAN)ol £ (Z,Myol A (Z,N)yof
(Z.gpyos 2 ¢

Z,p > Myoe = p > (E,M)yoe

(Z,Vx.M)oe = ¥x.(E,M)o¢g

Vh.M £ let h X (/\Vzgf )inM
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(Z,qM), 0 €
(ZW[h—={AN)],hyo!
(E,Ms) ot

(Z,MN)of
(Z,\x.M)os,l
(Z,Mh.M) o {A,N), €
(Z,MAN)ol
(Z,phoe = ¢

Z,p > M)oeg

(Z,Vx.M)og =

Vh.M £ let hxf =1

===

II>

>

verification conditions

(Z,M)pyr 0t

(A,Ny o ¢

(Z,M)os,l

(Z,M) o (Z,N), ¢
(E,M[xs])ol
(ZW[h—> (AN ,M)yol
(E,Myol A {(Z,N)yof
(Z, @0 =T

> (E,M)oe
Vx.(Z,M)oe
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(Z,aM), 0 £

(ZW[h= (AN ],h)pm ol
(X,Ms)of

(Z,MN) o

(X, \x.M)os,{

|>

(2, Mh.M) o (AN), € 2

(Z,MAN)ol

(Z,@oe = ¢

(Z,p > M)yoe =
(Z,Vx.M)oe =

Vh.M £ let hxf =1

[l= 1= 1 e

>

II>

verification conditions

(Z,M)pyr 0t

(A;N)nim o €
(Z,M)os,l

(Z,M) o (Z,N), ¢
(Z,M[x+>s])ol
(ZWY[h=(AN)],M)ol
(E,Myol AN{Z,Nyot
(Z, @0 =T

> (E,Myoe
Vx.{(Z,M) o0&
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(Z,qM), 0 €
(ZW[h={(AN)],h)mol
(E,Ms) ot

(Z,MN)of

(X, \x.M)os,{

(Z, Mh.M)r, 0 (AN),, €
(Z,MAN)ol

(Z,phoe = ¢

Z,p > M)oeg

(Z,Vx.M) o g

Vh.M £ let hxf =

L e e S | [

II>

>

verification conditions

(Z,M)pyr 0t

(A;N)nim o €

(Z,M)os,l

(Z,M) o (£,N), ¢
(Z,M[x+>s])ol

EW[h—= (AN —n], M)y 0ol
(Z,Myol A {(Z,Nyol

(Z, @0 =T

¢ > (E,M)oe

Vx.{(Z,M) o0&

(/\V'g Zg') in M
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(E,qM), 0 ¢

EW[h—= (AN, h)nof
(E,Ms),0f

(Z,MN), o

(Z,Ax.M), 0s,¢

(Z, Mh.M)p, 0 (AN),, £
(E,MAN),of

(Z,phoe = ¢

(Z,¢ > M),0¢
(Z,¥x.M), 0o &

L | L 1 L | L | [

1>

II>

>

verification conditions

(E,M)ps10t

(ANYpym o €

(Z,M), 0s,C

(Z,M), 0 (Z,N),, ¢

E,M[x s])pol
EW[h—= (AN —n], M)y 0l
(E,M),0l A(E,Ny,of
Z,@hpoe =T

o> (E,M)o¢

Vx. (Z,M), 0 &

Vh.M £ let hxf=1A (/\V‘g‘.fzg) in M
f
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subgoal factorization

On-the-fly factorization of selected handlers:

(Vx.o > hs)A(Vy.y > ht) =
Vz.((Ix.o Az=s)V(Iyy ANz=1t)) > hz

- no factorized handlers =~ traditional WP

- factorize all eligible handlers =~ compact VC a la Flanagan & Saxe
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refoctorial
factorial (n:int) (return (m:int)) =
{n>0}
allocate int 1 ((&r:int) =
t allocate int n ((&: int) =
loop
/ loop [r k] =
{0<k<nAr-kl=n!}
T if (k>0) (= assign int &r (r*k)
(» assign int &k (k-1)
(= loop)))
(» break))
/ break [r] = { r=n!} * return r)

allocate a (v:a) (return (&r:a) { r=v })
assign o (&r:a) (v:a) (return [r] { r=v })

50/52



taming the ref

No-alias type system:

A" + ewt A’ is A with all handler prototypes removed
I',&r, A + (e &) wt

— can be further refined by tracking actual reference dependencies

Effect computation — to verify and infer the pre-write annotations

Transformation into an equivalent pure program:

assign &r (rxk) assign r (r=*k)
(» assign & (k-1) = (r’ = assign k (k-1)
(= loop)) (k" = loop r’ k))

— pre-writes are converted into term parameters

- fine-grained state monad: send only the relevant part of the state
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(cont.)

Further into control structures: iterators, coroutines, unstructured code?
Further into mutable state: ownership, borrowing, prophecy variables?
Scalable implementation, good heuristics for subgoal factorization

Nice surface syntax, extensive case studies, integration into WHY3
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